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Abstract 

A quantum field theory formalism is reviewed that leads to a self- 
consistent, finite quantum gravity, Yang- Mills and H[iggs theory, which 
is unitary and gauge invariant to all orders of perturbation theory. The 
gauge hierarchy problem is solved due to the exponential damping of the 
Higgs self-energy loop graph for energies greater than a scale A^f < 1 
TeV. The cosmological constant problem is solved by introducing a fun- 
damental quantum gravity scale, Ac < 10~* eV, above which the virtual 
contributions to the vacuum energy density coupled to gravity are ex- 
ponentially suppressed, yielding an observationally acceptable value for 
the particle physics contribution to the cosmological constant. Classical 
Einstein gravity retains its causal behavior as well as the standard agree- 
ment with observational data. Possible experimental tests of the onset of 
quantum nonlocality at short distances are considered. 

1 Introduction 

We shall shall base our study of the hierarchy problems on a finite quantum 
field theory (FQFT) which is gauge invariant, finite and unitary to all orders 
of perturbation theory [1-16]. In contrast to superstring theory and membrane 
theory ||l^, |l^ , our FQFT formalism does not require the existence of extra di- 
mensions to guarantee its consistency, so we shall develop our field theory in a 
four-dimensional spacetime. This has the advantage over string and membrane 
theory that we do not have to concern ourselves with the problems of com- 
pactification. In string theory there are numerous ways to compactify to lower 
dimensions and it is difficult at present to justify any unique method for achiev- 
ing this compactification. Moreover, as has been learned during the recent past, 
the string scale is not uniquely fixed at the Planck scale [|l^. String theory is 
not a quantum field theory in the usual sense. All attempts to formulate a string 
field theory have so far been unsuccessful. Such theories demonstrate instabili- 
ties equivalent to those met with in 0"^ field theories, in which the Hamiltonian 
is unbounded from below [ pO| . 

Our quantum field theory has strictly local tree graphs and nonlocal quan- 
tum loop graphs. The FQFT gauge formalism is applied to guarantee a self- 
consistent quantum gravity theory coupled to the Yang-Mills, Higgs and spinor 
fields. The formalism is free of tachyons and unphysical ghosts and satisfies uni- 
tarity to all orders of perturbation theory. It could incorporate supersymmetry 
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if required, in the form of a supergravity theory, but we shall not do so here, in 
order to aim for as minimal a scheme as possible. No attempt is made to unify 
gauge fields with gravity, or to extend the standard model, for we wish to focus 
on the hierarchy problems. 

It is commonly believed that local quantum field theory is the only way 
to guarantee a consistent Poincare invariant quantum mechanics If one 

is willing to give up the notion of a strictly local observable, then this belief 
can be shown to be incorrect. The issue depends on the support of the field 
operators and for nonlocal field theories, it can be shown that it is impossible 
to construct observables whose support is a compact set. Such theories emerge 
as "quasi-local" field theories whose local behavior only acts at distances much 
larger than a certain length scale £. Nonlocal field theories were the subject of 
considerable study in the 60s and 70s, because it was thought that they could 
cure the problems of non-renormalizable field theories ||2^. 

Recently, there has been renewed interest in nonlocal field theories in con- 



nection with string theory, M-theory and Little String Theory (LST) |36 



The LSTs are generated by decoupling gravity and other bulk modes from five- 
branes. One takes, for example. A'' coincident five-branes and considers the 
limit 5s — > oo, Ms —f oo, where is the string coupling at spatial infinity and 
Mg = is the string scale. It was shown by Kapustin that LSTs do 

not possess local observables and that due to the exponentially increasing den- 
sity of states, the Wightman functions are not polynomially bounded. However, 
he showed that the nonlocality can be accomodated by choosing a space of test 
functions different from the usual Schwartz space. We shall consider these issues 
in more detail in Sect. 4. 

The standard gauge symmetry of local quantum field theory is generalized 
to a nonlocal transformation consisting of an inhomogeneous term, which pre- 
serves the local, quadratic part of the action, and a nonlocal homogeneous term, 
which generates a variation of the free field action that cancels the inhomoge- 
neous variation of the nonlocal action. This generalized gauge transformation 
is similar to the nonlocal gauge transformation of string field theory The 
key to the success of string theory lies in the nature of this generalized gauge 
invariance. Its existence guarantees the raison d'etre of gauge symmetry in 
quantum field theory, which is to decouple unphysical vector and tensor quanta 
while maintaining Poincare invariance. 

The fundamental gauge hierarchy problem is resolved because the finite 
scalar Higgs self-energy loop graphs are damped exponentially at high ener- 
gies above the physical Higgs scale Ah set by the FQFT formalism and by 
choosing Ah < 1 TeV. The constant Ah enters naturally, because it sets the 
physical non-localizable energy scale of the Higgs particle quantum loop graphs. 

The cosmological constant problem is considered to be the most severe hier- 



archy problem in modern physics |23, 26 , E7L E8| . The problem arises because 



in contrast to classical Newtonian gravity theory, the Einstein gravitational La- 
grangian iZgrav is not invariant under the translation £giav ^gi&v + C, where 
C is a constant identified with the cosmological constant A. Many attempts to 
solve this hierarchy problem have been made E6l ETl E8] , and most recently 
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there has been a proposal to solve the problem by postulating a composite 
graviton connected to string theory A model based on (3+1) branes and a 
five-dimensional bulk has also recently been proposed pO|, |27[ |. 

Solving the cosmological constant problem appears to demand a low-energy 
mechanism to cancel soft photon loop contributions. How can we obtain such 
a mechanism in the low-energy fo-amework without destroying the familar suc- 
cesses of the standard model? 

We shall propose a quantum gravity solution to the problem based on FQFT. 
We can define an effective cosmological constant 

Acff = A + Avac, (1) 

where A is the "bare" cosmological constant in Einstein's classical field equa- 
tions, and Avac is the contribution that arises from the vacuum density Avac = 
STrGpvac- Already at the standard model electroweak scale ~ 10^ GeV, a calcu- 
lation of the vacuum density pvac results in a discrepancy with the observational 
bound 

Pvac < 10-"' (GeV)^ (2) 

of order 10^^, resulting in a a severe fine tuning problem, since the virtual quan- 
tum fluctuations giving rise to Avac and the "bare" cosmological constant A must 
cancel to an unbelievable degree of accuracy. If we choose the quantum gravity 
scale Ag < 10'^ eV, then our quantum gravity theory leads to an exponential 
damping of gravitational vacuum polarisation for ^ A^, where is the 
square of the Euclidean graviton momentum. This suppresses the cosmological 
constant Avac below the observational bound (|^) . Since the graviton tree graphs 
in our FQFT are identical to the standard point like, local tree graphs of per- 
turbative gravity, we retain classical, causal GR and Newtonian gravity theory, 
and the measured value of the gravitational constant G. Only the quantum 
gravity loop graphs are suppressed above energies < 10"" eV. Thus, at very low 
energies or large distances, the point-like, local graviton dominates giving rise 
to classical Newtonian and GR dynamics. 

The scales Ah and Ag are determined by the quantum non-localizable nature 
of the Higgs particle and the gauge particles W and Z of the standard model 
as compared to the graviton. The Higgs particle radiative corrections have a 
nonlocal scale at £h ~ 10~^^ cm, whereas the graviton radiative corrections 
are localizable down to a large length scale £g < 1 cm. Thus, the fundamental 
energy scales in the theory are determined by the underlying physical nature 
of the particles and fields and do not correspond to arbitrary cut-offs, which 
destroy the gauge invariances of the field theory. The underlying explanation of 
these physical scales must be sought in a more fundamental theory. 

In Section 2, we describe the basic local action of the theory and in Section 
3, we provide a review of FQFT as a perturbative quantum field theory. The 
nonlocal quantum behavior of the theory is considered in detail in Section 4, and 
in Section 5, we discuss a possible exerimental test of the onset of nonlocality 
by detecting CPT asymmetries. In Sections 6 and 7, we develop the formalism 
for Yang-Mills gauge theory and quantum gravity. In Section 8, we turn our 
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attention to the resolution of the gauge hierarchy problem in the Higgs sector, 
while in Section 9, we analyze the results of gluon and gravitational vacuum po- 
larization calculations. In Section 10, we use FQFT quantum gravity to resolve 
the cosmological constant problem and in Section 11, we end with concluding 
remarks. 



Woirac 



2 The Action 

We shall begin with the four-dimensional action 

W = Wgrav + WYM + Wn + l^Dirac + Wm, (3) 

where 

W^grav = - ^ / d^xV^iR + 2A), (4) 

W^YM ^-IJ d^xy/^TriF^), (5) 

Wk = -II d^x^[D^4>'D'^^' + y(</.2)], (6) 

= \j d^xv^V^T^e^lS^V - '^mV' - + h.c. (7) 

Here, we use the notation: fi^v = 0, 1, 2, 3, g = det(gp,y) and the metric signature 
of Minkowski spacetime is ry^i^ = diag(— 1, +1,-1-1,-1-1). The Riemann tensor is 
defined such that 

R fifp — III/ ^I'-T/jp ^ ^ pp ^ • (^) 

Moreover, h.c. denotes the Hermitian conjugate, = ■!/'^7°, and e'^ is a vierbein, 
related to the metric by 

gpv = Vabelel, (9) 

where rjat is the four-dimensional Minkowski metric tensor associated with the 
flat tangent space with indices a,b,c... Moreover, = -Fi/ji/i^'^'^, R denotes the 
scalar curvature, A is the cosmological constant and 

Fifii' = d^-^ip ^ df^Aii, — efikiAkfiAi^, (10) 

where are the gauge fields of the Yang-Mills group with generators fiki , e 
is the coupling constant and = 327rG with c = 1. We denote by the 
covariant derivative operator 

D^ct>'=d^ct>'+ef>''Al<f>K (11) 

The Higgs potential V{^'^) is of the form leading to spontaneous symmetry 
breaking 

V{cj>') = -a{cl>'<l>^ - K'f + K), (12) 
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where Vq is an adjustable constant and the couphng constant g > 0. 

The spinor field is minimally coupled to the gauge potential Ai^, and 2? is a 
matrix representation of the gauge group 50(3, 1). The spin connection is 



(13) 



where = i[7«,7''] is the spinor matrix associated with the Lorentz algebra 
50(3, 1). The components Wnab satisfy 



(14) 



where T^i,'^ is the Christoffel symbol. The field equations for the gravity- Yang- 
Mills-Higgs-Dirac sector are 



^ PA* ^ au 



-r^,-F^, + [A„F^,]'^ =0, 



The energy-momentum tensor is 

rp mYMH I /j-iDirac i rpM 

where 



1 



TnDirac 



iTr(F2) + D^(j,'D''<p' + y(<^2) 
-i^lixidu -uJv- X»(^ii.)]V', 



and is the energy-momentum tensor of non-field matter. 



(15) 



(16) 

(17) 
(18) 

(19) 



(20) 
(21) 



3 Finite Quantum Field Theory Formalism 

An important development in nonlocal FQFT was the discovery that gauge in- 
variance and unitarity can be restored by adding series of higher interactions. 
The resulting theory possesses a nonlinear, field representation dependent gauge 
invariance which agrees with the original local symmetry on shell but is larger off 
shell. Quantization is performed in the functional formalism using an analytic 
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and convergent measure factor which retains invariance under the new symme- 
try. An expHcit calculation was made of the measure factor in QED |], and it 
was obtained to lowest order in Yang-Mills theory Q . Kleppe and Woodard Q 
obtained an ansatz based on the derived dimensionally regulated result when 
A ^ oo, which was conjectured to lead to a general functional measure factor 
in FQFT gauge theories. 

In contrast to string theory, we can achieve a genuine quantum field theory, 
which allows vertex operators to be taken off the mass shell. The finiteness draws 
from the fact that factors of exp[/C{p^)/2A^] are attached to propagators which 
suppress any ultraviolet divergences in Euclidean momentum space, where A is 
an energy scale factor. An important feature of FQFT is that only the quantum 
loop graphs have nonlocal properties; the classical tree graph theory retains full 
causal and local behavior. 

A convenient formalism which makes the FQFT construction transparent is 
based on shadow fields H, ^ . We shall consider the 4-dimensional spacetime to 
be approximately flat Minkowski spacetime. Let us denote by fi a generic local 
field and write the standard local action as 



W[f] = WF[f] + Wi[f], (22) 

where Wp and W/ denote the free part and the interaction part of the action, 
respectively, and 

WfU] d'xUJC^.f,. (23) 

In a gauge theory W would be the Becchi, Rouet, Stora, Tyutin (BRST) gauge- 
fixed action including ghost fields in the invariant action required to fix the 
gauge The kinetic operator K is fixed by defining a Lorentz-invariant dis- 
tribution operator 

^-xp(^) (24) 

and the shadow operator: 

Every local field Ji has an auxiliary counterpart field hi, and they are used 
to form a new action 

W[f, h] = Wf [/] - P[h] + Wi[f + h], (26) 

where 

/ = £-^L P[h] = \j d^xh^Oi^h,. 
By iterating the equation 
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the shadow fields can be determined as functions, and the regulated action is 
derived from 

W[f] = Wlf,h{f)]. (28) 
We recover the original local action when we take the limit A ^ oo and / — > 

The expression ( p7[ ) can be developed into a series expansion for hi [/] . The 
regularized action is found by substituting into it the classical solution hi[f]. 
Expanding W in powers of / gives the kinetic term M^f[/], together with an 
infinite series of interaction terms the first of which is just Since O is an 

entire function of K. the higher interactions are also entire functions of IC. This 
is important for preserving unitarity. 

Quantization is performed using the definition 

{0\T*{O[fme = y'[i?/]M[/](gaugefixing)0[/]exp(zW^[/]). (29) 

On the left-hand side we have the regulated vacuum expectation value of the 
T*-ordered product of an arbitrary operator 0[f] formed from the local fields 
fi. The subscript £ signifies that a regulating Lorentz distribution has been 
used. Moreover, fj,[f] is a measure factor and there is a gauge fixing factor, both 
of which are needed to maintain perturbative unitarity in gauge theories. 

The new Feynman rules for FQFT are obtained as follows: The vertices 
remain unchanged within the regularized action, but every leg of a diagram is 
connected either to a regularized propagator, 

= -W Tocxp r- , (30) 



IC + ie A2 
or to a shadow propagator, 

We shall also attach a factor £{p^) to every external leg connected to a loop, 
which is unity on shell. The formalism is set up in Minkowski spacetime and 
loop integrals are formally defined in Euclidean space by performing a Wick 
rotation. This facilitates the analytic continuation; the whole formalism could 
from the outset be developed in Euclidean space. 

In FQFT renormalization is carried out as in any other field theory. The bare 
parameters are calculated from the renormalized ones and A, such that the limit 
A — > oo is finite for all noncoincident Green's functions, and the bare parameters 
are those of the local theory. The regularizing interactions are determined by 
the local operators. 

The regulating Lorentz distribution function £ must be chosen to perform an 
explicit calculation in perturbation theory. We do not know the unique choice 
of £. However, once a choice for the function is made, then the theory and the 
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perturbative calculations are uniquely fixed. A standard choice in early FQFT 
papers is 0, |2| : 

An explicit construction for QED was given using the Cutkosky rules as 
applied to FQFT whose propagators have poles only where /C = and whose 
vertices are entire functions of K,. The regulated action W\j\ satisfies these 
requirements which guarantees unitarity on the physical space of states. The 
local action is gauge fixed and then a regularization is performed on the BRST 
theory. 

The infinitesimal transformation 

-^Z. (33) 
generates a symmetry of and the infinitesimal transformation 

^/. = 4r,(/ + M/]) (34) 

generates a symmetry of the regulated action To see this consider the 

transformations 

5/, =4r, [/ + /!], bK = {\-E%,T,\] + h\. (35) 
Adding these two transformations gives 

6{! + h),=T,{! + h\. (36) 



Then, (35) is a symmetry of the action Vt^[/, h\. We have 
m\!, h]^ [ d^xiif, + h,)K,,Tj[f + h] 



+ '^^^TAf + h]=5W[f + h]. (37) 

OJi 

It follows that 6W[f, h] — Q is a. consequence of the assumed invariance 5W[f + 
h] — Q. Now W[f] is invariant under (|3^), for we have 



5K[f] = (1 - 4)T,[/ + h[j]] - u,[f + + M/]]fH^^> 

where 
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It follows that FQFT regularization preserves all continuous symmetries in- 
cluding supersymmetry. The quantum theory will preserve symmetries provided 
a suitable measure factor can be found such that 

K[DfUf]) = 0. (38) 
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Moreover, the interaction vertices of the measure factor must be entire functions 
of the operator JC and they must not destroy the FQFT finiteness. 

In FQFT tree order, Green's functions remain local except for external lines 
which are unity on shell. It follows immediately that since on shell tree ampli- 
tudes are unchanged by the regularization, W preserves all symmetries of W 
on shell. Also all loops contain at least one regularizing propagator and there- 
fore are ultraviolet finite. Shadow fields are eliminated at the classical level, 
for functionally integrating over them would produce divergences from shadow 
loops. Since shadow field propagators do not contain any poles there is no need 
to quantize the shadow fields. 

In FQFT, the on shell tree amplitudes agree with the local, unregulated ac- 
tion, while the loop amplitudes disagree. This seems to contradict the Feynman 
tree theorem , which states that loop amplitudes of local field theory can be 
expressed as sums of integrals of tree diagrams. If two local theories agree at the 
tree level, then the loop amplitudes agree as well. However, the tree theorem 
does not apply to nonlocal field theories. The tree theorem is proved by using 
the propagator relation 

Df^Dr + D+ (39) 

to expand the Feynman propagator Dp into a series in the on shell propagator 
D"*". This decomposes all terms with even one into trees. The term with 
no D+s is a loop formed with the retarded propagator and vanishes for local 
interactions. But for nonlocal interactions, this term generally survives and new 
physical effects occur in loop amplitudes, which cannot be predicted from the 
local on shell tree graphs. 



4 Quantum Nonlocal Behavior in FQFT 

It appears on general grounds that interacting strings are nonlocal ^ . 

Nonlocality in open string theory can arise from the non-commutativity of space- 
time coordinates js^, |3^, |3^ 

=^6le^^ (40) 

This nonlocality in string theory is closely associated with the string uncertainty 
principle 

AxAt > a'. (41) 

Nonlocality has also been associated with the formation of black hole horizons 
and the lack of commutativity of spatial coordinates and time . The horizon 
responds to incoming matter before it comes in. 

Kapustin has recently shown that LSTs are quasi-local field theories 
whose infrared limit can approach local field theories in the large [Q. The 
exponential growth of Wightman functions (Green's functions) in momentum 
space is a characteristic feature of nonlocal field theories. The corresponding 
test functions in x-space are real analytic and cannot possess compact support. 
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The Wightman functions |Q or vacuum expectations values of products of 
field operators (t){p): 

Wn{qu...,qn^i) = (O|0(gi)</)(g2)...</'('?„-i)|O), (42) 

grow exponentially with momenta for nonlocal field theories. By the positivity 
of energy, Wn vanishes when any of its arguments are outside the forward light 
cone. Inside the forward light cone Wn is bounded by 

exp[f(|gi| + ...|9„_i|)], (43) 

where \q\ = and ^ is a length scale. In the case of LST models, the length 
scale is given hy i ^ ^/N /Mg where N is the number of coincident five-branes. 

Jaffe ]4^ defined a test function space Sg in momentum space, which is 
convenient to use when discussing nonlocal field theories, in which all functions 
are infinitely differentiable and for which all the norms are finite. Given a 
positive function g{t) which is entire, Jaffe showed that if g{t) satisfies 

d^YT^ < (44) 

then the Fourier transform of Sg has functions with compact support, strictly 
local quantum fields can be defined and a local quantum field theory can be 
formulated. On the other hand, if ( ^4| ) is not satisfied, then there are no test 
functions with compact support and we have a nonlocal quantum field theory. 



Our choice of the entire function f (p^) in the factor, Eq. (24), will not 
lead to a test function space that satisfies the condition (^). We can choose a 
function £{p'^) which will provide a test function space that leads to a quasi-local 
quantum field theory, as defined by Kapustin, and in the earlier work by lofa 
and Fainberg. In the present work, we have chosen JC{p^) = —{p'^ + m?), because 
it leads to a simplification of calculations in perturbation theory. But this is 
purely a technical issue, and we can certainly adopt entire functions IC(p^) which 
lead to quasi-local field operators, which only violate locality at short distances. 

The commutator for a scalar field operator (t>{x): 

[(f>ix), ^{y)] ^W^ix- v) -W2{v- x) (45) 

in our theory will not vanish outside the light cone for space-like separations 
(x — nY > 0. Indeed, it will satisfy 

[(/.(x), 0(y)] ~ S[{x - yf - ^2]sign(.To - yo). (46) 

In FQFT, it can be argued that the extended objects that replace point particles 
(the latter are obtained in the limit A oo) cannot be probed because of a 
Heisenberg uncertainty type of argument. The FQFT nonlocality only occurs 
at the quantum loop level, so there is no noncausal classical behavior. In FQFT 
the strength of a signal propagated over an invariant interval outside the light 
cone would be suppressed by a factor exp(— £^A^). 
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Nonlocal field theories can possess non-perturbative instabilities. These in- 
stabilities arise because of extra canonical degrees of freedom associated with 
higher time derivatives. If a Lagrangian contains up to N time derivatives, then 
the associated Hamiltonian is linear in — 1 of the corresponding canonical 
variables and extra canonical degrees of freedom will be generated by the higher 
time derivatives. A nonlocal theory can be viewed as the limit — > oo of 
an Nth derivative Lagrangian. Unless the dependence on the extra solutions 
is arbitrarily choppy in the limit, then the higher derivative limit will produce 
instabilities . The condition for the smoothness of the extra solutions is that 
no invertible field redefinition exists which maps the nonlocal field equations 
into the local ones. String theory does satisfy this smoothness condition as can 
be seen by inspection of the S-matrix tree graphs. In FQFT the tree amplitudes 
agree with those of the local theory, so the smoothness condition is not obeyed. 

It was proved by Kleppe and Woodard [|| that the solutions of the nonlocal 
field equations in FQFT are in one-to-one correspondence with those of the 
original local theory. The relation for a generic field Vi is 

nonlocal c2 local {A7\ 

— C^j Uj . {'il ) 

Also the actions satisfy 

W[v]=W[£'^v]. (48) 

Thus, there are no extra classical solutions. The solutions of the regularized 
nonlocal Euler-Lagrange equations are in one-to-one correspondence with those 
of the local action. It follows that the regularized nonlocal FQFT is free of higher 
derivative solutions, so FQFT can be a stable theory. 

Since only the quantum loop graphs in the nonlocal FQFT differ from the 
local field theory, then FQFT can be viewed as a non-canonical quantization 
of fields which obey the local equations of motion. Provided the functional 
quantization in FQFT is successful, then the theory does maintain perturbative 
unitarity. 



5 Experimental Tests of Nonlocality 

In order to solve the Higgs and cosmological constant radiative stability, hier- 
archy problems, we have relaxed the assumption of microcausal locality in our 
FQFT. A scale of nonlocality A is set for the graviton {Aq < 10"'^ eV), the Higgs 
particle {Ah < 1 TeV) and the standard model gauge particles {Aqp ^ 1 TeV). 
We do not understand the fundamental physics which is the source of these non- 
locality scales but, as we shall see, given these scales we can potentially solve 
the radiative stability problems in a fully gauge invariant, finite and unitary 
fashion, including the gravitational stability of the cosmological constant. 

Supersymmetry and technicolor models have been proposed to solve the 
Higgs gauge hierarchy problem. The mass scales for supersymmetry are set 'by 
hand', so to speak, according to when we expect supersymmetry breaking to set 
in, allowing super-partners to be detected, and when technicolor fermions form 
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condensates, allowing us to detect technicolor particles. No known fundamental 
physics tells us what these mass scales are. We can only guess their magni- 
tude above certain obvious intermediate energy bounds. Experiments already 
tend to disfavour techniclor models, and if the large hadron colliders do not de- 
tect super-partners below 2-3 TeV, then this would kill the possibility of using 
supersymmetric models to explain the radiative stability of the Higgs particle. 

Can we experimentally detect the onset of nonlocality? We could do this 
by checking dispersion relations for scattering amplitudes at high energies. We 
expect that the non-vanishing of commutators of field operators outside the 
light cone will decrease exponentially with the spacelike distance, so violations of 
nonlocality will be small, and changes of analyticity of the scattering amplitudes 
from the standard microcausal analyticity properties will correspondingly be 
small. Another possible signature of nonlocality is a violation of CPT invariance. 
This is a fundamental theorem of local quantum field theory . There have 

been suggestions that CPT invariance could be broken in quantum gravity |Q . 
Moreover, there have been several studies of meson decays with the prospects 
of detecting CPT invariance breaking at K- meson and B-meson factories |Q . 

Let us investigate how CPT invariance could be violated by nonlocality. 
Consider a complex, nonlocal Heisenberg-picture scalar field operator $(a;). The 
Kallen-Lehmann representation is given by the vacuum expectation value 

(0|<I>(x)$t(y)|0) = / (49) 



where 

A+{x-y;^i^) = -^ d*pexp[ip-{x-y)]n{x-y)9{p°)6{p^+H^), (50) 

and n(x — y) is an entire analytic function with n(x) > for real x The 
spectral function p is defined by 

J2s'ip-Pn)mm\n)\' = 7^e(/)p(V) (51) 

with p{—p^) = for < 0. We also have 

mHyMx)\0)^ dp^p{p^)A+{y-x;p^), (52) 
Jo 

where 

J2S\p-Pn)\(n\'fH0m\' - -^eip')pi-p^). (53) 
Let us define 

a{^i^)^pi^^^)~p{^l^). (54) 
The vacuum expectation value of the commutator is 

{Omx),^Hy)]\0) 
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= / d^l\p{^l'')[K+{x-y■^l'')-K+{y~x■^l'')]+a{p')K+{y-x■^i^)}. (55) 

JO 

For spacelike separations [x—y)"^ > 0, the function A+(x— y; — A+(y— a;; /x^) 
and it does not vanish. For ( |55| ) to vanish for spacehke separations, we must 
have a(/i^) = 0. This is a nonpcrturbative proof of the CPT theorem, for states 
with = —y? have the quantum numbers of the particle associated with <i>, 
and there must be corresponding states with = — /i^ that have the quantum 
numbers of the anti-particle described by the operator $t For strictly local 
field operators <&, the commutator 

[$(x),$(2/)] =0 (56) 

for spacelike separations {x — yY > 0. However, we assumed that the $(a;) were 
nonlocal field operators, so there will be a violation of the CPT theorem when 
a{p^) 7^ 0, and we have for spacelike separation 



(0|[$(x),<&t(y)]|o) ^ / V«(M')A+(y-x;^2)_ (57) 
The vacuum expectation value of the time-ordered product is 

(0|T($(a;)$t(y)\|0) 



POO rOC 

d^?p{^JL^)Kp{x-y■^?)+^ Va(A^')^(2/°-a:°)A+(y-x;/i2), (58) 
Jo Jo 

where A^? is the Feynman propagator 
- iKf{x - y- p") = 0(x" - y")A+(a; - y- /x^) - ^(y" - x°)A+(2/ - x- p"). (59) 
For a nonlocal interaction 

^NL = j d^xHMx^O), (60) 

the commutator [CPT, V^nl] will not in general vanish. The masses and decay 
rates of particles and anti-particles will not be equal for CPT invariance violating 
processes. For the discrete symmetries of nature, violations have been observed 
for C, P and the combined CP symmetries. Two types of CP symmetry violation 
have been observed for K-mesons. An active pursuit to detect CPT asymmetries 
in meson decays is presently underway. 



6 Finite Quantum Yang-Mills Theory 

Let us now review the finite quantization of the Yang-Mills sector in four- 
dimensional Minkowski flat space. The gauge field strength F^^i, is invariant 
under the familiar transformations: 

SA,^ ^ -d,A + efmAk^.el. (61) 
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To regularize the Yang-Mills sector, we identify the kinetic operator 
The regularized action is given by[^ 



Wym[A] 



+W{-m[A + B[A]], (62) 
where Bif^ is the Yang-Mills shadow field, which satisfies the expansion 



= 0>;^efkim[A,id^A-^ + Ai^d.Al^ - 2Ai,d''A,J + O(e'A'). (63) 
The regularized gauge symmetry transformation is 

5eAt = (4^'')|-5,0fc + ehiMu + Bi,[A])e 

The extended gauge transformation is neither linear nor local. 
We functionally quantize the Yang-Mills sector using 

(0|T*(O[A])|0)£ = y"[i?A]/i[v4](gaugefixing)0[i]exp(zW^YM[A]). (64) 

To fix the gauge we use Becchi-Rouet-Stora-Tyutin (BRST) invariance. 
The ghost structure of the BRST action comes from exponentiating the Faddeev- 
Popov determinant. Since the FQFT algebra fails to close off-shell, we need to 
introduce higher ghost terms into both the action and the BRST transformation. 
In Feynman gauge, the local BRST Lagrangian is 



Cymbbst = --df.Ai^d'^Ai - d'^rnd^rn + efikid^'r]iAk^,Tii 



&fikidfiAii,A^Ai — —e^ fikifimnAipi^Aki/A^A^. (65) 



1 

4 

It is invariant under the global symmetry transformation: 



5Ai^ = (df^rji - efikiAkf^r]i)SC, 
where ^ is a constant anticommuting c-number. 
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The gluon and ghost kinetic operators are 

/Cf; = <5,fcry^''9^/C,fc (66) 
The gluon propagator and the shadow gluon propagator are given by 

D^^P') = exp( V/A^m) , (67) 



7-,shad ui// 2\ i^ik'H^ 



l-exp( -p^/k^ 

— le 



YM 



where h.YM denotes the FQFT Yang-Mills energy scale. 
The regularized BRST action is 



(68) 



~d%d^fi, - x^O-\^^ + M4m[^ + B,f] + x,V + x], (69) 

where x is the ghost shadow field. 

The regularizing, nonlocal BRST symmetry transformation is 



hi = -^efikiS'^iVk + Xk){m + Xi)^C,: 

Sfj, = -Pid^A^+d^B^)6C. (70) 
The full functional, gauge fixed quantization is now given by 

(0|T*(O[A,77,77])|0)£ = J [DA][Dfj][D7MA,V,v]0[A,fj,fi] 

X exp(iW^YM[^,^,??])- (71) 

Kleppe and Woodard Q have obtained the invariant measure factor for the 
regularized Yang-Mills sector to first order in the coupling constant e: 



ln{p[A, fj, 7j]) = --e^fu^fkim I d^xM^MAl -f O(e^), (72) 



1 

— ( 
2 

where 

The existence of a suitable invariant measure factor implies that the necessary 
Slavnov- Taylor identities also exist. 
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7 Finite Perturbative Quantum Gravity 



As is well know, the problem with perturbative quantum gravity based on a 
point-like graviton and a local field theory formalism is that the theory is not 
renormalizable Due to the Gauss-Bonnet theorem, it can be shown 

that the one-loop graviton calculation is renormalizable but two- loop is not |^3| . 
Moreover, gravity-matter interactions are not renormalizable at any loop order. 

We shall now formulate the gravitational sector in more detail as a FQFT. 
This problem has been considered previously in the context of four-dimensional 
GR H, . We shall expand the gravity sector about flat Minkowski space- 
time. In fact, FQFT can be formulated as a perturbative theory by expanding 
around any flxed, classical metric background 

gfiv = gp.f + hf^u, (74) 

where is any smooth background metric fleld, e.g. a de Sitter spacetime 
metric. For the sake of simplicity, we shall only consider expansions about 
flat spacetime. Since the gravitational field is weak up to the Planck energy 
scale, this expansion is considered justified; even at the standard model energy 
scale EsM 10^ GeV, we have k'^E^^ ~ 10"'^^. Also, at these energy scales 
the curvature of spacetime is very small. However, if we wish to include the 
cosmological constant A, then we cannot strictly speaking expand about fiat 
spacetime, because such an expansion of the Einstein field equations will lead 
to the result that A = 0. This is to be expected, because the cosmological 
constant produces a curved spacetime even when the energy-momentum tensor 
Tf_ii, = 0. Therefore, we should in this case use the expansion ([t^. But for 
energy scales encountered in particle physics, the curvature is very small, so 
we can approximate the perturbation caculation by using the fiat spacetime 
expansion and trust that the results are valid in general for curved spacetime 
backgrounds including the cosmological constant. 

As in ref. [10], we will regularize the GR equations using the covariant 
shadow field formalism. Let us define g^" = V—gg'^"- It can be shown that 
y/—g = ^/—g, where g — det(g'''') and dpg = ggpdpg^^g. We can then write 
the local gravitational action Wgrav in the form p4| : 

Wgrav = y d'^x/Igrav = ^ J d^xUgP^gXpg^u 

- 2S^J'^g^,)dpg^^d,g^'' 

^S^g'^'^S.g'^^.A + C'^d'^X^^xC^] , (75) 

where we have added a gauge fixing term with the parameter a, is the 
Fadeev-Popov ghost field and X^^x is a diflterential operator. 
We expand the local interpolating graviton field g^'^ as 

= + ^^M- + 0{^^^), (76) 
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Then, 

Sfii' = Vi^u - Klfiiy + K^7M"7a,y + O(k^). (77) 

The gravitational Lagrangian density is expanded as 

= £(0) + + «2^(2) + .... (78) 

We obtain 

- Idp^Pd^r^ + C^d^d-Cx, (79) 

+2Y^dpjx.d„l^'' - j'^dpjd^j + A^^.dxr'^d^r^) 
+C'"7«/.a''5''a + C"^a''7«^a'^a - C''d^d''j^,.Cx - C^d^j^^.d^Cx, (80) 

= li^l.ar^d^j^^dp^^x + (27Am7k. - l^..l.x)d'l^^dpj''^ 

-27A„7"5^^^5p7 - 27^'^7«5p7A.5,7"^ 
+Y''Y^d,l.xdp-f - 27^a7""aS''"S«7.A), (81) 

where 7 = 7"q,. 

In the limit a ^ oo, the Lagrangian density £grav is invariant under the 
gauge transformation 

Sl^. = X^^x^\ (82) 
where is an infinitesimal vector quantity and 

Xf,„x = «;(-<9a7a"^ + 2?7(ma7ki^)5'') + iVif^xd^) - Vfj^'^dx). (83) 

However, for the quantized theory it is more useful to require the BRST sym- 
metry. We choose = C^a, where cr is a global anticommuting scalar. Then, 
the BRST transformation is 

Sl^u = X^^xC^cT, 6C^ = -d^^^''(^^y 5C, = KC^'d^Ca. (84) 

We now substitute the operators 

Cx^Cx, a^C., (85) 

where 

%. = £-\., Cx = £-'Cx, C^ = £-'Cx. (86) 

As in the case of the Yang-Mills sector, the on shell propagators arc unal- 
tered from their local antecedents, while virtual particles are nonlocal. This 
destroys the gauge invariance of e.g. graviton-graviton scattering and requires 
an iteratively defined series of "stripping" vertices to ensure the decoupling of 
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all unphysical modes. Moreover, the local gauge transformations have to be 
extended to nonlinear, nonlocal gauge transformations to guarantee the over-all 
invariance of the regularized amplitudes. Cornish has derived the primary gravi- 
ton vertices and the BRST symmetry relations for the regularized Wgrav , 
using the nonlinear, nonlocal extended gauge transformations suitable for the 
perturbative gravity equations. 

The regularized graviton propagator in the fixed de Donder gauge a = 
-1 [H is given by 



while the shadow propagator is 



fj.i' pa i"^) {Vf^pVi^cr VpaVi'p Vpi'Vpcr) 



p^upa 



-I 



4jl-^'(fc')] 



,(27r) 

The ghost propagator in momentum space is given by 



crk'—- — ^-^exp[ifc- (x-x')]. (88) 



P 

while the shadow ghost propagator is 



DUp) - ^^J^, (89) 



P 

In momentum space we have 



^shadG(p)^ WL^!(^, (90) 



and 



where Aq is the gravitational scale parameter. 

The local propagator is reproduced by subtracting D^had fj.Qj-^ /jgrav^ while 
the "stripped" vertices are obtained by subtracting the amplitudes containing 
the shadow propagator D'^had fj-Qj-^ ^}jg amplitudes containing the regulator 
operators (^6|). We can facilitate the calculations by separating the free and 
interacting parts of the action 

Wg,av (7) = Wg^av (7) + <.av (7) • (93) 

The finite regularized gravitational action is given by 

W'g,av(7, S) = W^g^av(7) - ^grav(s) + T^/.av (7 + s) , (94) 
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where 

7=f-^7, ^grav(s)- J d^xg{V^,S,OT-^\3,), (95) 

s denotes the graviton shadow field, and G denotes the detailed expansion of 
the contributions formed from the shadow field. 

The regularized Lagrangian density up to order is invariant under the 



extended BRST transformations Q: 

Sol^. = xl^J^C^a - {d,C^ + d^a - Vf..dxC^)<j, (96) 

^17^. = nS^X^^J^C^a = K£\2jp^^d''C,^ - d^l^.C^ - T^.^aC^), (97) 

SoC'^ = 28^^"'^, (98) 

SiC^ = KS^Cd^C^a. (99) 



The order transformations arc 

+2jp^^Df'^f ""dPH- - 9p7M-^"''' ""^K - 7m-^''"' ''"api/,]a, (100) 

S^C^ = -K2^2(^^(^^^shadGpK^^ ^ C^of^t'^^ 8" H^)a. (101) 
Here, we have 

i?"/' = -(a("c'pc)'3)c'' + dPc^'^d'^^Cp + a^a^'^c^^Cp), (102) 

i/" = 7AKa^a«c7'' + d'^^^^d^cp - a^d^y^c^ - d^Y^d^c^, (103) 

HP = d^CPd^-fx^ + d^d^CP-ixn + 9''C^9"7A«. (104) 

Because we have extended the gauge symmetry to nonlinear, nonlocal trans- 
formations, we must also supplement the quantization procedure with an invari- 
ant measure 

M = A(g, C, C)D[^^,]D[Cx]D[C„] (105) 

such that SM = 0. 

As we have demonstrated, the quantum gravity perturbation theory is in- 
variant under the FQFT generalized, nonlinear field representation dependent 
transformations. It is unitary and finite to all orders in a way similar to the 
non-Abelian gauge theories formulated using FQFT. At the tree graph level 
all unphysical polarization states are decoupled and nonlocal effects will only 
occur in graviton and graviton-matter loop graphs. Because the gravitational 
tree graphs are purely local there is a well-defined classical GR limit. The finite 
quantum gravity theory is well-defined in four real spacetimc dimensions. 

We quantize by means of the path integral operation 

(0|r*(O[g])|0)£ = / [i?g]/^[g] (gauge fixing)0[g]exp(zT4^g,av[g]). (106) 



19 



The quantization is carried out in the functional formalism by finding a measure 
factor fj,[g] to make [Dg] invariant under the classical symmetry. To ensure a 
correct gauge fixing scheme, we write Wgrav [g] in the BRST invariant form with 
ghost fields; the ghost structure arises from exponentiating the Faddeev-Popov 



determinant 1 45 . The algebra of extended gauge symmetries is not expected to 
close off-shell, so one needs to introduce higher ghost terms (beyond the normal 
ones) into both the action and the BRST transformation. The BRST action will 
be regularized directly to ensure that all the corrections to the measure factor 
are included. 



8 A Resolution of The Higgs Hierarchy Problem 

It is time to discuss the Higgs sector hierarchy problem |5^. The gauge hier- 
archy problem is related to the spin O"*" scalar field nature of the Higgs particle 
in the standard model with quadratic mass divergence and no protective extra 
symmetry at m 0. In standard point particle, local field theory the fermion 
masses are logarithmically divergent and there exists a chiral symmetry restora- 
tion at m = 0. Writing rnj^ = rn^j^ + Smfj, where mon is the bare Higgs mass 
and SniH is the Higgs self-energy renormalization constant, we get for the one 
loop Feynman graph in Z? = 4 spacetime: 



~ J^Ml (107) 



where Mc is a cutoff parameter. If we want to understand the nature of the 
Higgs mass we must require that 

Smjj < 0{mjj), (108) 

i.e. the quadratic divergence should be cut off at the mass scale of the order of 
the physical Higgs mass. Since mn — V^v, where v —< (j) >o is the vacuum 
expectation value of the scalar field and v = 246 GeV from the electroweak 
theory, then in order to keep perturbation theory valid, we must demand that 
10 GeV <mH < 350 GeV and we need 

Mc = A/Higg. < 1 TeV, (109) 

where the lower bound on mn comes from the avoidance of washing out the 

spontaneous symmetry breaking of the vacuum. 

Nothing in the standard model can tell us why ( |109| ) should be true, so 
we must go beyond the local standard model to solve the problem. Mc is an 
arbitrary parameter in point particle field theory with no physical interpretation. 
Since all particles interact through gravity, then ultimately we should expect to 
include gravity in the standard model, so we expect that Mpianck ~ 10^^ GeV 



should be the natural cutoff. Then we have using (109) and g 
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which represents an intolerable fine-tuning of parameters. This 'naturalness' or 
hierarchy problem is one of the most serious defects of the standard model. 

There have been two strategies proposed as ways out of the hierarchy prob- 
lem. The Higgs is taken to be composite at a scale Mc — 1 TeV, thereby 
providing a natural cutoff in the quadratically divergent Higgs loops. One such 
scenario is the 'technicolor' model, but it cannot be reconciled with the accu- 
rate standard model data, nor with the smallncss of fermion masses and the 
flavor-changing neutral current interactions. The other strategy is to postulate 
supersymmetry, so that the opposite signs of the boson and fermion lines can- 
cel by means of the non-renormalization theorem. However, supersymmetry is 
badly broken at lower energies, so we require that 

5m]j ~ ^|M2b„,„„, - M2f^,^i„„,| < lTeV^ 

or, in effect 

\mb — m/l < 1 TeV. 

This physical requirement leads to the prediction that the supersymmetric part- 
ners of known particles should have a threshold < 1 TeV. 

A third possible strategy is to introduce the FQFT formalism, and realize 
a field theory mechanism which will introduce a natural physical scale in the 
theory A// < 1 TeV, which will protect the Higgs mass from becoming large 
and unstable. 

Let us consider the regularized scalar field FQFT Lagrangian in Minkowski 

spacetime 

Cs = l^d-" - m')4> - \pO-'p + \z-Hm\cj> + pf - -^5o(.^ + p)\ (HO) 

where (j) = Z^^^'pR is the bare field, (j>ji is the renormalized field, (j> = £~^4', p 
is the shadow field, mo is the bare mass, Z is the field strength renormalization 
constant, Sni^ is the mass renormalization constant and m is the physical mass. 
The regularizing operator is given by 

£m = exp( ^ ), (111) 



while the shadow kinetic operator is 



= (112) 

Here, Ah is the Higgs scalar field energy scale in FQFT, which determines the 
scale of nonlocalizability of the Higgs particle. 
The full propagator is 



■ ' ^' -r( i-^^ 1 , (113) 



f°° dr 

tAnip') = . =-i -2- exp 



A^ 
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whereas the shadow propagator is 



P^+m? Jo L V Jl 

define the self-energy as a Taylor series expansion around the 

2 2 

p = -TO : 



dT 

T2-exp 



+ TO^ ' 



(114) 



Let us 
mass shell = —m 

= S(-m^) + (p^ + m^)0(-TO2) + t{p% 

where S(p^) is the usual finite part in the point particle limit Kh 
have 

E(-m2) = 0, 

and 

-^^{P =-TO )=0. 

The full propagator is related to the self-energy by 

-i£l[l + O^jp')] -iZ 



-h TO^ 



P^-|-TO2 + E(p2) ~ p2 ^ ^2 ^ 5]^(p2) • 

Here Y^R^p^) is the renormalized self-energy which can be written as 



- 1 



The IPI two-point function is given by 

then in this limit 



f^(l + OE)- 



■ oo, 



Since f „ ^ 1 and O ^ as Kfj 

which is the standard point particle result. 

The mass renormalization is determined by the propagator pole at p 
and we have 



(115) 

oo. We 
(116) 

(117) 
(118) 

(119) 

(120) 
(121) 



Sij(-m2) = 0. 



)2 = -TO^ 

(122) 



Also, we have the condition 

2^(p^ = -™') = 0. (123) 

The renormalized coupling constant is defined by the four-point function 
r^^(Pi,P2,P3,P4) at the point = 0: 

Tf{OMQ) = g. (124) 
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The bare coupling constant go is determined by 

Z^go = 9 + Sgig,m^,Aj,). (125) 

Moreover, 

Z = l + 5Z{g,n?,Al), 

ZniQ — Zir? — Sm^{g,m'^,Ajf). 

A calculation of the scalar field mass renormalization in D-dimensional space 
gives [§: 



Sm 



n-2 



r 1 



D m? 



2D + 1t^D/2 

where r(n, z) is the incomplete gamma function 
dt 



2'Al, 



0{g' 



r(n, z) - 
We have 



■r exp(-i) = (n - l)r(n - 1, z) + z""^ exp(-z). 



r(-l,z) = -i;,(z) + -exp(-z), 



(126) 

(127) 
(128) 



where Ei{z) is the exponential integral 



dt 



E,{z) E 

For small z we obtain the expansion 

E,{z)^-\TL{z)--f + z 



exp(— t) 



t 



2-2! ' 3-3! ^^^^^ 
where 7 is Euler's constant. For large positive values of z, we have the asymp- 
totic expansion 



Ei(z) ^ exp(-z) 



"1 1 2! 

9 ^ ^ 

Z Z^ Z'' 

Thus, for small m/A^f we obtain in I? = 4 spacetime: 



5m 



9 



327r^ 



A2 



771^(1- 7) +0 



(130) 



+ 0(.g2), (131) 



which is the standard quadratically divergent self-energy, obtained from a cutoff 
procedure or a dimensional regularization scheme. 
We have for z — > 00: 



r(a, z) ~ z-^-i exp(-z) 1 + +0(4. 

[ z \z^ 

so that for m ^ A^f , we get in four-dimensional spacetime 



Sm 



A"* 
327r2 V 



9 



exp 



(132) 



(133) 



Thus, the Higgs self-energy one loop graph falls off exponentially fast for m ^ 
Ah- We have succeeded in stabilizing the radiative corrections to the Higgs 
sector, solving the Higgs hierarchy problem for A^ < 1 TeV. 
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9 Gluon and Gravitational Vacuum Polarization 



A calculation of the one-loop gluon vacuum polarization in FQFT gives the 
tensor in D-dimensions 



2DpD/2 

where p is the gluon momentum and 

.1/2 



(134) 



•K[2{D-2)y{l~y)~-{D-&)]. 



(135) 



We observe that n^j,^^(0) = a result that is required by gauge invariance and 
the fact that the gluon has zero mass. 

The dimensionally regulated gluon vacuum polarization result is obtained 
by the replacement 



r(2 - D/2, ^ r(2 - DI2) 

and choosing p^ <^ ^ym- four-dimensions we get 

»l/2 



(136) 



n(/) = 2exp(V/A^M) / dyE.i^yp' / k\^)[Ay{l - y) + 1], (137) 

JO 



where we have used the relation 

/•oo 

r{0, z) = E,{z)= dtexp{-t)r^. 

J z 

By using the behavior for large Euclidean momentum ^ -^ym- 
i?.(ypV A|m) ^ ^exp(-ypVA^M)> 



(138) 



(139) 



we find from (137) that 
A? 



exp -p /A 



YM 



exp( V/2A^m) + 



4A 



YM 



Aym -'^SAyj^j 



(140) 



Thus, the gluon vacuum polarization is exponentially damped for p^ ^ Ayj^. 

The lowest order contributions to the graviton self-energy in FQFT will 
include the standard graviton loops, the shadow field graviton loops, the ghost 
field loop contributions with their shadow field counterparts, and the measure 
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loop contributions. In the regularized perturbative gravity theory the first order 
vacuum polarization tensor 11''''''°' must satisfy the Slavnov-Ward identities |Q : 

p^PpD^^^^^(p)Tl^p^s{p)D-<'P%p) = 0. (141) 

By symmetry and Lorentz invariance, the vacuum polarization tensor must have 
the form 

^aP-iSip) = '^l{p^)p'^Val3TllS + Tl2{p'^)p'^ {rja-yVPS + VaSriPl) 

+Xl:i(p^)p^{riapP^PS + ViSPaPfs) + \li{p^)p^{'qa-fPl3P5 + VaSPpPf 

+VP'(PaPS + V/SSPaP-/) + '^b{P^)PaPl3PiPS- (142) 

The Slavnov-Ward identities impose the restrictions 

n2 + n4 = o, 4(ni + n2-n3) + n5 = 0. (143) 

The basic lowest order graviton self-energy diagram is determined by p5| , 



ni.p.(p) = ^«;'exp(^V/A^) j dSUf,,^0^s{p,-q,q-p)D"^''^ 



(9) 



xD-^'-iip - q)U^Xrip,{q,p- q, ~p), (144) 
where lA is the three-graviton vertex function 

U^,vpaSr{qi,q2-,q3) = -^[92(^931.) {^'np{SVr)a - J^-^Vt^i^VSr^ 

+qi{pq3^) [^■ni,(s'nT)u - j^^-nt^vm^ + ■••], (145) 

and the ellipsis denote similar contributions. 

To this diagram, we must add the ghost particle diagram contribution 11^, 
the shadow diagram contribution 11'^ and the measure diagram contribution 11^ . 
The dominant finite contribution to the graviton self-energy will be of the form 

n^<.pa(p) - K^ASexp(^-pVA^^Q^^p<,(p2) 

expfv/A^)g^.p.(p2), (146) 



where MpL is the reduced Planck mass and Q{p^) is a finite remaining part. 

For renormalizable field theories such as quantum electrodynamics and Yang- 
Mills theory, we will find that in FQFT the loop contributions are controlled by 
the incomplete F-function. If we adopt an "effective" quantum gravity theory 
expansion in the energy |57[, then we would expect to obtain 



np.p.(p) ~ K^exp -p'/A'g P(r(2 - D/2,p'/Af,)Q^,pAp'), (147) 
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where T denotes the functional dependence on the incomplete F-function. By 
making the replacement 



^(r(2 - Dl2),v'lt4,) ^ ^(r(2 - DI2)), (148) 

we would then obtain the second order graviton loop calculations using dimen- 
sional regularization fsS, 56, 5^, |5^, ^ The dominant behavior will now be 



ln(AQ/(7^) and not A^. However, in a nonrcnormalizable theory such as quan- 
tum gravity, the dimensional regularization technique may not provide a correct 
result for the dominant behavior of the loop integral and we expect the result 
to be of order Aq. Indeed, it is well known that dimensional regularization 
for massless particles removes all contributions from tadpole graphs and i5''^(0) 
contact terms. On the other hand, FQFT takes into account all leading order 
contributions and provides a complete account of all counterterms. Because all 
the scattering amplitudes are finite, then renormalizability is no longer an issue. 
The function 

QrM)-v' (149) 

as 0. Therefore, n^j,pcr(p) vanishes at — as it should from gauge 

invariance and for massless gravitons. 

In Euclidean momentum space, which we can reach by a Wick rotation, we 
see that for ^ Ag. the graviton self-energy ( |146| ) is exponentially damped 
and the quantum gravity loop corrections are negligible for energies greater than 
Ag. 

It is often argued in the literature on quantum gravity that the gravita- 
tional quantum corrections scale as olq ~ GE^, so that for sufficiently large 
values of the energy iJ, namely, of order the Planck energy, the gravitational 
quantum fluctuations become large. We see that in FQFT this will not be the 
case, because the finite quantum loop corrections become negligible in the high 
energy limit provided the perturbative approximation is valid. Of course, the 
contributions of the tree graph exchanges of virtual gravitons can be large in 
the high energy limit, corresponding to strong classical gravitational fields. It 
follows that for high enough energies, a classical curved spacetime would be a 
good approximation, at least until the perturbation calculations break down. 

In contrast to recent models of branes and strings in which the higher- 
dimensional compactification scale is lowered to the TeV range [ p^ , we retain 
the classical GR gravitation picture and its Newtonian limit. It is perhaps a 
radical notion to entertain that quantum gravity becomes weaker as the energy 
scale increases towards the Planck scale ~ 10^^ Gev, but there is, of course, no 
known experimental reason why this should not be the case in nature. However, 
we do not expect that our weak gravity field expansion is valid at the Planck 
scale when GE^ ~ 1, although the exponential damping of the quantum grav- 
ity loop graphs could still persist at the Planck scale. This question remains 
unresolved until a nonperturbative solution to quantum gravity is found. 

It is worth noting that in the framework of an effective gravitational field 
theory |5^, the leading lowest order loop divergence can be "renormalized" 
by being absorbed into two parameters ci and C2. For a non-ffat spacetime 
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background metric 17^,^, the divergent term at one loop due to graviton and 
ghost loops is given by [Bl[ : 



•'-'lloop 



1 



1 

120' 



7 



(150) 



where e — A — D and the effective field theory renormalization parameters are 



(r) 

C\' =Cl 



1 



9607r2e' 



C2 



leOvr^e' 



(151) 



10 A Quantum Gravity Resolution of the Cos- 
mological Constant Problem 

Zeldovich pof showed that the zero-point vacuum fluctuations must have a 
Lorentz invariant form 



consistent with the equation of state pvac — ~Pv 



(152) 

Thus, the vacuum within 



the framework of particle quantum physics has properties identical to the cos- 
mological constant. In quantum theory, the second quantization of a classical 
field of mass m, treated as an ensemble of oscillators each with a frequency uj{k), 
leads to a zero-point energy Eq — ^^^(fc)- The experimental confirmation 
of a zero-point vacuum fluctuation was demonstrated by the Casimir effect |]6T| . 
A simple evaluation of the vacuum density obtained from a summation of the 
zero-point energy modes gives 
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i2ny 



Ml 
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where is the cutolf. Already at the level of the standard model, we get 
Pvac (10^ GeV)'* which is 55 orders of magnitude larger than the bound (^. 
To agree with the experimental bound (H), we would have to invoke a very finely 
tuned cancellation of Avac with the "bare " cosmological constant A, which is 
generally conceded to be theoretically unacceptable. 

We can understand this result by using the language of Feynman graphs. 
To avoid undue technical issues in FQFT, we shall consider initially the basic 
lowest order vacuum fluctuation diagram computed from the matrix element in 
flat Minkowski spacetime 



M, 



(2) 5' / d^pd^p'd'^kSik +p- p')5{k +p-p') 



X exp 
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where g is a couphng constant associated with the standard model. We have 
considered a closed loop made of a standard model fermion of mass m/, an 
antifermion of the same mass and an internal standard model boson propagator 
of mass m; the scale Asm ^ 10^ — 10^ GeV. This leads to the result 



'(2) 



dpp 



,'2 



- 4my. 



{P + a){P-a) 



■ exp 



(p2 + + 2mp 

■''■SM 



where P 



(p^ + m}){p" + mjy^'' ^2 A2 ' (155) 

p—p' and a is an infinitesimal constant which formally regularizes the 



M^°} is finite and M, 



(0) 



^^SM- 



infinite volume factor 6 (0). We see that Pvac ■ - ^"(2) ""^"^ ^"(2) 
To maintain gauge invariance and unitarity in FQFT, we must add to this result 
the contributions from the ghost diagram, the shadow diagram and the measure 
diagram. 

In flat Minkowski spacetime, the sum of all disconnected vacuum diagrams 
C = mI^^ is a constant factor in the scattering S-matrix S' = SC. Since the 
S-matrix is unitary = 1, then we must conclude that |Cp = 1, and all the 
disconnected vacuum graphs can be ignored. However, due to the equivalence 
principle gravity couples to all forms of energy, including the vacuum energy 
density Pvao so we can no longer ignore these virtual quantum fluctuations in 
the presence of a non-zero gravitational fleld. 

Let lis now consider the dominant contributions to the vacuum density aris- 
ing from the graviton loop corrections. As explained above, we shall perform 
the calculations by expanding about flat spacetime and trust that the results 
still hold for an expansion about a curved metric background field, which is 
strictly required for a non-zero cosmological constant. Since the scales involved 
in the final answer, including the predicted smallness of the cosmological con- 
stant, correspond to a very small curvature of spacetime, we expect that our 
approximation is justified. 

We shall adopt a simple model consisting of a massive vector meson V^, 
which has the standard model energy scale ^ 10^ — 10^ GeV. We have for the 
vector field Lagrangian density 



(156) 



where 



Ff,, = d,V^ - d^V,. (157) 

We include in the Lagrangian density an additional piece — ^(9^y)^, and the 
vector field propagator has the form 



D 



p^ + my — ie 



exp 



-(/ + m^)/AiM 



dT 

■'^SM 



exp 



-r(/ 



')/a: 



SM 



(158) 



28 



while the shadow propagator is 
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The graviton-V-V vertex in momentum space is given by 

1 



(159) 



D-2 



riai3{ri\aqiq2 - qiaq2\), 
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where 51 , 52 denote the momenta of the two Vs connected to the graviton with 
momentum p. We use the notation — ^{AaBp + ApBa). 

The lowest order correction to the graviton vacuum loop will have the form 



n;:.p.(p) = -«2exp(^V/A^) j 



qV^.Xc.{p-q,q-p)D'''^^\-q) 



xVp,.s{-p,p-q,q)D''-^^-{q-p). 



(161) 



We obtain 



n;:.p.(p) = -'*'exp(^v/A^) / 



X exp 



(162) 



^ exp|-[(g-p)2 +m2,]/A^j^ ^, 
where in D-dimcnsions 

Kf^^paip, q) = PaPflPpPa + qaPpPpPa ~ qaq/SPpPcr + (1 - D)qaqpqpPcr 

-(1 + D)paqfjqpqa + [D - l)PaqpPpqa + Dq^qpqpqa- (163) 



As usual, we must add to (161) the contributions from the fictitious ghost 
particle diagrams, the shadow field diagrams and the invariant measure diagram. 

We observe that from power counting of the momenta in the integral ( |162D , 
we obtain 



(164) 
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where N{p'^) is a finite remaining part of 11^ (p). We have as p^ 0: 

Np^\{p')^p\ 



(165) 
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Thus, njfj^^^(p) vanishes at = as it should because of gauge invariance and 
the massless graviton. 

For four-dimensional Euclidean momenta 3> A^, ^^,jp„{p) is exponen- 
tially damped. At some value of the external graviton momentum p, when 
Ag,^ could begin to become significant, the exponential damping suppresses 
this contribution. If we choose Kg ^ 10"'* eV, then due to the damping of the 
gravitational vacuum polarization loop graph in the Euclidean limit ^ Aq, 
the cosmological constant contribution is suppressed sufficiently to satisfy the 
bound and it is protected from large unstable radiative corrections. Thus, 
FQFT provides a solution to the cosmological constant problem at the energy 
level of the standard model and possible higher energy extensions of the stan- 
dard model. The universal fixed FQFT gravitational scale Aq corresponds to 
the fundamental length £g l£ ^ cm at which virtual gravitational radiative cor- 
rections are cut off. 

We observe that the required suppression of the vacuum diagram loop contri- 
bution to the cosmological constant, associated with the vacuum energy momen- 
tum tensor at lowest order, demands a low fundamental energy scale A^ < 10~^ 
eV, which controls the quantum gravity loop contributions. This is essentially 
because the external graviton momenta are close to the mass shell, requiring a 
low energy scale A^j. This seems at first sight a radical suggestion that quan- 
tum gravity corrections are weak at energies higher than < 10"^ eV, but this 
is clearly not in contradiction with any known gravitational experiment. In- 
deed, as has been stressed in recent work on large higher dimensions, there is 
no experimental knowlege of gravitational forces below 1 mm. In fact , we have 
no experimental knowledge at present about the strength of graviton radiative 
corrections. The standard model experimental agreement is achieved for stan- 
dard model particle states close to the mass shell. However, we expect that the 
dominant contributions to the vacuum density arise from standard model states 
far off the mass shell. In our perturbative quantum gravity theory, the tree 
graphs involving gravitons are identical to the tree graphs in local point gravi- 
ton perturbation theory, retaining classical, causal GR and Newtonian gravity. 
In particular, we do not decrease the strength of the classical, large distance 
gravity force. 

In order to solve the severe cosmological constant hierarchy problem, we 
have been led to the surprising conclusion that, in contrast to the conventional 
folklore, quantum gravity corrections to the classical GR theory are negligible 
at energies above < 10""* eV, a result that will continue to persist if our pertur- 
bative calculations can be extrapolated to near the Planck energy scale ~ 10^^ 
GeV. Since the cosmological constant problem already results in a severe crisis 
at the energies of the standard model, our quantum gravity resolution based on 
perturbation theory can resolve the crisis at the standard model energy scale 
and well beyond this energy scale. 
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11 Conclusions 



The ultraviolet finiteness of perturbative quantum field theory in four-dimensions 
is achieved by applying the FQFT formalism. The nonlocal quantum loop inter- 
actions reflect the quantum, non-point-like nature of the field theory, although 
we do not specify the nature of the extended object that describes a particle. 
Thus, as with string theories, the point-like nature of particles is "fuzzy" in 
FQFT for energies greater than the scale A. One of the features of superstrings 
is that they provide a mathematically consistent theory of quantum gravity, 
which is ultraviolet finite and unitary. FQFT focuses on the basic mechanism 
behind string theory's finite ultraviolet behavior by invoking a suppression of 
bad vertex behavior at high energies, without compromising perturbative uni- 
tarity and gauge invariance. FQFT provides a mathematically consistent the- 
ory of quantum gravity at the perturbative level. If we choose Ag < 10"'' eV, 
then quantum radiative corrections to the classical tree graph gravity theory 
are perturbatively negligible to all energies greater than Ag, provided that the 
perturbative regime is valid. 

The important gauge hierarchy problem, associated with the Higgs sector, is 
solved by the exponential damping of the Higgs self-energy in the Euclidean 
domain for ^ A^, and for a A^f scale in the electroweak range ~ 10^ — 10^ 
GeV. A damping of the vacuum polarization loop contributions to the vacuum 
energy density-gravity coupling at lowest order can resolve the cosmological con- 
stant hierarchy problem, if the gravity loop scale Aq < 10~^ eV, by suppressing 
virtual gravitational radiative corrections above the energy scale Aq- 

We must still set the physical scale Aym, which controls the size of radiative 
loop corrections in the Yang-Mills sector of FQFT. We expect this scale to be 
much larger than the electroweak scale ~ 10^ — 10'^ Gev, and it could be as large 
as grand unification theory (GUT) scales ^ 10^^ Gev, allowing for possible GUT 
unification schemes. 

Recently, new supernovae data have strongly indicated a cosmic acceleration 
of the present universe . This has brought the status of the cosmological con- 
stant back into prominence, since one possible explanation for this acceleration 
of the expansion of the universe is that the cosmological constant is non-zero but 
very small. We can, of course, accomodate a small non-zero cosmological con- 
stant by choosing carefully the gravity scale Aq. Indeed, this new observational 
data can be viewed as a means of determining the size of Aq- 

Our quantum field theory formalism has helped to resolve two critical hier- 
archy problems in modern physics, given two parameters A^ ~ 10^ — 10'^ GeV 
and Ag < 10^'' GeV. These parameters will hopefully be explained by a more 
fundamental non-perturbative theory. 
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